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Abstract 

We show that the full group C*-algebra of the free product of two 
nontrivial countable amenable discrete groups, where at least one of 
them has more than two elements, is primitive. We also show that in 
many cases, this C*-algebra is antiliminary and has an uncountable 
family of pairwise inequivalent, faithful irreducible representations. 
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1 Introduction 



Let G denote a countable discrete group. It is known that C*{G), the fuh 
group C*-algebra of G, is primitive in a number of cases [T71 [3l [TTl [HI [TOl [T]. 
Especially, this is true for many groups which have a free product 
decomposition satisfying various conditions: see [HI IIOI [T], These results 
suggest that C*{G) should be primitive whenever G is the free product of 
two nontrivial countable discrete groups Gi and G2, where at least one of 
them has more than two elements. In this note, we show that this is 
indeed the case when both Gi and G2 are also assumed to be amenable. 
This applies for example when Gi and G2 are both finite with |Gi| > 2 
and IG2I > 3. This case is not covered by any of the papers cited above, 
except when Gi = Z2 and G2 = Z3, i.e. G is the modular group PSL{2,Z), 
for which primitivity of G*{G) was shown in [1]. The reader should consult 
[lOj and [1] for more information around the problem of determining when 
the full group C*-algebra of a countable discrete group is primitive. 

Our proof will rely on the following result from [1]: 

Theorem 1. Assume that a group G has a normal subgroup H such that 
i) G*{H) is primitive, 
a) K = G/H is amenable, 

Hi) the natural action of K on C*{H) has a free point. 
Then G*{G) is primitive. 

We recall here what condition iii) means. Set A = C*{H). Then 

= {[vr] € ^ I vr is faithful} is nonempty since A is assumed to be 
primitive. The natural action oi K = G / H on A° \s defined as follows. 

Let n : -fC — 7- G be a normalized section for the canonical homomorphism p 
from G onto K. Let a: K ^ Aut {A) and u: K K ^ Ahe, given by 

ak{iHih)) = iuip-ik) hn{ky^^, k K,h G H, 
u{k, I) = iH{n{k) n{l) n{kl)~^), k,l £ K, 

where in denotes the canonical injection of H into A. 

Then {a,u) is a twisted action of K on A (cf. jl2j). which induces an 
action K on A° given by 

fc. [tt] = [vroafc-i] . 

This action is independent of the choice of normalized section for p and 
called the natural action of K on A". Finally, we recall that [vr] £ A° is a, 
free point for this action whenever we have k ■ [tt] ^ [vr] for all k & K,k ^ e. 
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Throughout this paper, we let Gi and G2 be two nontrivial countable 
discrete groups and assume that at least one of them has more than two 
elements. Further we let G = Gi * G2 denote the free product of Gi and 
G2. It is well known that G is ice and nonamenable. Section 2 is devoted 
to the proof of our main result in this paper: 

Theorem 2. Assume moreover that Gi and G2 are both amenable. Then 
G*{G) is primitive. 

In the final section, we discuss the problem of deciding when C*{G) is 
antiliminary and has an uncountable family of pairwise inequivalent, 
faithful irreducible representations. 

As will be evident from its proof, the annoying amenability assumption in 
Theorem 2 is due to the amenability assumption on K in Theorem 1. Now, 
if one replaces this assumption on K by requiring that the twisted action 
of K on G*{H) is amenable in the sense that the full and the reduced 
crossed products of G*{H) by this action agree, then Theorem 1 still holds. 
An interesting problem is whether one can find condition(s) other than the 
amenability of K ensuring that this more general requirement is satisfied. 

2 Proof of Theorem 2 

We let ei (resp. 62) denote the unit of Gi (resp. G2) and set 
G[ =Gi\ {ei}, G'2 = G2 \ {62}. We let X C G denote the set of 
commutators given by 

X = {[a,b]= aba^b-^ eG \ a e G[, b e G'2} . 

As is well known (see e.g. [H]), X is free and generates the kernel H of the 
canonical homomorphism p from the free product G = Gi * G2 onto the 
direct product K = Gi x G2. The map (a, b) — >■ [a, b] is then a bijection 
between G'^ x G'2 and X, and H is isomorphic to the free group ^\x\ with 
\X\ generators. 

As \X\ = IG'il • > 2 , ^ = C*{H) is primitive (cf. [I7l|3]). 

Further, as Gi and G2 are both assumed to be amenable, K is amenable. 

Now let TT be a faithful irreducible representation of A acting on a 
(necessarily separable) Hilbert space Ht^. For each function A : X — )• T, we 
let 7a denote the *-automorphism of A determined by 

ixiinix)) = \{x)iH{x) , x e X, 

and set tta = vr o 7^- Clearly, each vta is also faithful and irreducible, i.e. 
[vta] G a-. 

The burden of the proof is to establish the following: 



3 



Proposition 1. There exist [vr] & A° and A : X — t- T such that [ttx] is a 
free point for the natural action of K on A. 

Once we have proven this proposition, the primitivity of C*{G) then 
clearly follows from Theorem 1 and the proof of Theorem 2 will therefore 
be finished. 

Proof of Proposition i. As a normalized section n : K ^ G for p, we 
choose 

n{a,b) = ab , a € Gi , 6 G G2 . 

We have to show that some faithful irreducible representation vr of A and 
some A : X — )• T may be chosen so that 

VTA O Ofc 9^ TTX 

for all nontrivial k G K. 

Clearly, to show that this condition holds, it suffices to show that for each 
nontrivial k £ K, there exists some x X (depending on k) such that 

(vTA o ak){iH{x)) 9^ TTx{iH{x)) . (1) 

To show this, we will use following fact: 

Assume xq X is fixed. Then, as follows from Choi's proof [3] (see [10^ 
Proof of Theorem 3.2]), we may choose a faithful irreducible representation 
TT = TTxo of A such that for each x ^ xq in X the unitary operator Tr{iH{x)) 
is diagonal relative to some orthonormal basis of T-Lt^ (which depends on x). 
We will call such a representation for a Choi representation of A associated 
to Xq. 

Our choice of xq, and thereby of vr = tTxq, will depend on the possible 
existence of elements of order 2 in Gi or G2 ■ 

We will also use repeatedly the following elementary fact (already used in 
[lO] and in P): 

Assume 7^ is a separable Hilbert space. Let U and V be unitary operators 
on Ti and assume that U is diagonal relative to some orthonormal basis of 
y,. Then the sets 

{fieJ \ nU c:iV} and {n eT \ nU {fi U)*} 
are both countable. 

Consider some faithful irreducible representation vr of ^ and A : X —?■ T. 
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When a e G[, b e G'2, so [a, b] G X, we let U{a, b) (= C/^(a, b)) denote the 
unitary operator on given by U{a, b) = 7r(i/f([a, 6])) . Further, we set 
A(a, 6) = A([a, 6]). Thus we have 

7rx{iH{[a,b])) = X{a,b)U{a,b) . (2) 

Some straightforward calculations give the following identities which we 
will use in the sequel: 

T^x{a{a,b){iH{[a''^ ,b'^]))) = X{a,b)U{a,b) 
7rx{a(^a,e,){iH{[a-\b]))) = (A(a, 6)C/(a, 6)) * (3) 
'^\{a(ei,b){'iH{[a,b~^]))) = {X{a,b)U{a,b))* 

^A(«(a,6)(^//([a~'c,6"i]))) = Xia,b)Uia,b) {X{c, b)U {c, b))* 
'^x{a(a,b){iH{[c,b~^]))) = X{a,b)U{a,b) {X{ac,b)U{ac,b)y 

7rx{a^a,e,){iH{[a-'c, b]))) = A(c, b)U{c, b) (A(a, b)U{a, b))* 
'^x{'^{a,e2)iiH{[c,b]))) = X{ac, b)U {ac, b) [X{a,b)U{a,b)) 

whenever a £ G[, b £ G'2 and c € G'^ \ {a, a^^}. 

We now show how to pick vr and A such that ([1]) holds. It turns out that 
the possible existence of elements of order 2 in Gi or G2 complicates the 
argument. Set P = {s £ G'^\ ^ ei} , Q = {t e G^ \ 7^ 62} , 

and S = G[\P , T = G'2\Q. Hence 

Gi = {ei} U P U 5 and G2 = {eg} U Q U T . 

We divide our discussion into three separate cases. 

Case 1. Both P and Q are nonempty. 

We pick po £ P , qo £ Q and set xq = \pQ^,qQ^] € X. 

Then we let tt = tt^q be a Choi representation of A associated to xq, and 
set U{a, b) = Uj^i^a, b) for each x = [a, b] € X. 

It remains to define A : X — >■ T so that ([1]) holds for each nontrivial k £ K. 
We introduce the following notation. 

Assume that a £ G'l , b £ G2 , p £ P , q £ Q , s £ S,t £ T. Then we set 



n{a,b) 




fi U (a, 6) 


c^U{a-\b-')}, 


n^ip) 


= {/iGT 


f^U{p,qo) 


^U{p-\qor}, 




= {^eT 


f^U{po,q) 


^U{po,q~'r}, 






IJ,U{s,qo) 


- {f^U{s,qo))* } , 


n2{t) 


= {^GT 


IJ.U{po,t) 


^{fiU{po,t)y}. 
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Note that if (a, 6) 7^ (pq ), then Q,{a,b) is countable (as U{a,b) is then 
diagonahsable) . 

Similarly, Qi{p), ^2(9), ^i(s) and ^2it) are countable. 

To ease our notation, we will define A on G'^ x G2 and identify it with the 
function on X given by A([a, b]) = A(a, b), a G G'^, b G G2. 

We win first define A on P x Q. 

Let P = Ujg7 {Pi,Pi^^} , Q = UjgJ {^j) Qj"^} be enumerations of P and Q, 
where the index set / (resp. J) is a (finite or infinite) set of successive 
integers starting from 0. 

For each i £ I and j G J, we set 

Now let i e I,j £ J. Using ([2]) and we see that ^ will hold for 

^ = {Pi,qJ^) and = (p,~\gj) if X{pi,q~^)U{pi,qJ^) ^ U{pr^,qj) ; 
^ = (Pi, 9i) and k = {Pi^,qJ^) if A(pi, qj)U {pi, qj) 9^ C/ {Pi^,q~^) ; 
^ = (^,62) and k = {p~'^,e2) if X{Pi,qo)U{pi,qo) ?^ U{p~^,qo)* ; 
^ = (ei>9i) A; = iei,q~'^) if X{po,qj)U{po,qj) ^ (^KPo,qJ^)U{po,q~^) 

For each i S J and j G J, we therefore pick 

\{pi,qf)eT\n{p.uq;'). 
Next, for each i £ I, i ^ 0, and j G J, j ^ 0, we pick 
X{pi,qj) G T \ n{pi,qj) , 
KPiiQo) e T \ (^17(pi,go) Ul7i(pi)^ , 
A(po,gi) G T \ (^l^(po,gj) U A(po,97^)f^2(gj)) • 
Finally, we pick 

A(po, go) € T \ (^0(po, qo) U Oi(po) U A(po, qo^)^2iqo)^ ■ 

All these choices are possible as all the involved O's are countable. After 
having done this, A is defined on P x Q and we know that ([1]) will hold for 
ah A: G (P X Q) U (P X {eg}) U ({d} x Q) . 

This means that if both S and T happen to be empty, then A is defined on 
the whole of X and ([1]) holds for every nontrivial k in K, as desired. 
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We assume from now on and until the end of Case 1 that S is nonempty. 

Consider s € S". For each j € J we set X{s,qJ^) = 1. 
Using d^D and we see that (P) will hold for 

k = {s,qj) and k = {s,qj^) if X{s,qj)U{s,qj) 9^ U{s,q~^) ; 

k = (5,62) if X{s,qo)U{s,qo) ^ {X{s,qo) t/(s,go))* • 
For each j € J , j 7^ 0, we therefore pick 

X{s,qj) eT\Q{s,qj) . 
We also pick X{s, qo) £T\ (0(s, qo) U ni{s)). 

Again, these choices are possible as all the involved fi's are countable. 

Following this procedure for every s G S, we achieve that A is defined on 
G'l X Q in such a way that ([T]) will hold for all 

ke (G'l X ({e2}UQ))u({ei}xQ). 

If T happens to be empty, this means that A is defined on the whole of X 
and ([1]) holds for every nontrivial k in K, as desired. 

Finally, we assume from now on and until the end of Case 1 that T is also 
nonempty. 

Consider t €iT. For each i ^ I we set X{p~^ ,t) = 1. 
Using ^ and ([3]), we see that ^ will hold for 

k = {pi,t) and k = {pr\t) if X{pi,t)U{pi,t) 9^ U{p-\t); 

k = {eut) ii X{po,t)U{po,t) 9^ {X{po,t)U{po,t)y . 
For each i G / , i / 0, we pick X{pi,t) G T \ ^}{pi,t) . 
We also pick X{po,t) G T \ {n{po,t) U 02(t))- 

Once again, these choices are possible as all the involved O's are countable. 

By doing this for every t G T, we achieve that A is defined on 
{G[ x G'2) \ (5 x T) and ^ will hold for ah 

k G {G[ X ({62} U Q)) U (({ei} U P) X G'^) . 

It remains to define A on S" x T in a way which ensures that ([1]) also will 
hold for all fc G 5 X T. 
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Let t € T. We will below describe how to define A on 5 x {t} in a way 
which ensures that ([1]) will hold for all k S x {t}. By following this 
procedure for each t £ T, the proof in Case 1 will then be finished. 

It is now appropriate to partition S" as S = S' U S" , where 

S' = {seS\spoeP}, S" = {seS\ spo e S} . 
Assume that s G S' . 

Using ^ and (g]), we see that (P) wiU hold for 

k = is,t) if X{s,t)U{s,t){X{po,t)U{po,t)Y ^ X{spo,t)U{spo,t). 

Note here that X{spo,t) is already defined since spo G P. Further, as 
X{spo,t)U{spo,t) is diagonalisable, the set 

n'{s,t) = {/. G T I /i {X{spo,t)U{spo,t)) ~ U{s,t){X{po,t)U{po,t)y } 

is countable. We can therefore pick 

X{s,t) GT\0'(s,t). 

If S' is nonempty, we can do this for each s € S' and A will then be defined 
on S' X {t} in such a way that ([T]) will hold for every /c € 5' x {t}. 

If S" is empty, then S" has to be nonempty and the proof of Case 1 is then 
finished. 

Assume now that S" is nonempty and consider s € S", so (spo)^ = ^i- 

One easily checks that this implies that spo" = Po~" s for all n G Z. It is 
then almost immediate that S"{s) = {spo" | n S Z} is a subset of S". 

Furthermore, if s G S" \ S"{s), then S"{s) and S"{s) are disjoint. 

Hence, as S" is countable, we may pick a countable family {si}i,^l of 
distinct elements in S" such that S" = Ui^^S" (si) . 

Consider I £ L. To ease notation we write s = si. 

We are going to define A on S"{s) x {t} in such a way that ([T]) will hold for 

every k € S"{s) x {t}. By doing this for each I £ L, X will then be defined 

on S" X {t} and ((H) will hold for every k £ S" x {t}. 

Since S x {t} = (S" x {t}) U {S" x {t}), the proof of Case 1 will then be 

finished. 

For each n G Z, using ([2]) and dH) (with a = spo"', b = t and c = spo"^""^)) we 
see that ([1]) will hold for 

k = (spo",t) if A(spo",t)t/(spo",t)(A(5po"+\t)^(5Po"+\t))* X{po,t)U{po,t) 

or A(s^5o",Ot^(^Po",0(A(spo"-\t)^(spo"-\t))* ?^ X{p^\ t)U {p^\ t) . 
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Suppose first that po is aperiodic, so S"{s) = \Jn,=z{spo^} ■ 

We first set X{s,t) = 1. Then, for each m € N, we do inductively the 
fohowing two steps: 

i) Define 

= {a^ G T I /i {X{po,t)U{po,t)) X{sp^~\t)U{sp^-\t)U{spo'^,tr} 

(which is countable) and pick \{spo"^,t) € T \ Q"^{s,t). 

ii) Define 

= {/i G T I {X{po-\t)Uipo-\t)) X{spo"'^\t)U{spo"'-^\t) U{spo"',tr} 

(which is countable) and pick X{spo~'^,t) € T \ Q~'^{s,t). 

Once this inductive process is finished, A is defined on S"{s) x {t} and we 
know that ^ holds for every k = {spo^^"'-'^\t), men, i.e. for every 
k G S"{s) X {t}, as desired. 

Assume now that po is periodic with period A^. Note that N > 3 since 
Pq G p. The aperiodic case has to be modified as follows. 

Again, we first set A(,s, t) = 1. Then, for each m = 1, • • • , A — 2, we define 
inductively 

n^{s,t) = {^^eT\^i {x{po,t)u{po,t)) ^ x{sp^-\t)u{sp^-\t)u{spo'^,tr} 

(which is countable) and pick X{spo"^,t) G T \ r2'"(s,t). 

This ensures that ([T]) holds for each k = {spo'^~^,t), m = 1, - ■ ■ , A — 2. 

We also define 

n''-\s,t) = {/X G T I {Xipo,t)Uipo,t)) ^ Xisp^~'',t)U{sp^-^,t)Uispo''~\tr} 

(which is countable). If we pick X{spo^~^,t) outside ^^~^{s,t), then ([T]) 
will hold for k = {sp(j^~'^ ,t). However, we want to pick X{spo^~^ ,t) so 
that dU also holds for k = (spo^"^^)• 

Now, using ([2]) and ^ (with a = spo^~^, b = t and c = s), we see that ([1]) 
will hold for k = {spQ^^^ ,t) if 

X{po, t)U{po, t) ^ X{po''~\t)U{spo''^\t)U{s, t)* . 

Hence we define 

nN{s,t) = {/i G T I ^ {X{po,t)U{po,t)) ~ U{sp^-\t)U{s,tr} 

(which is countable) and pick 
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This choice does ensure that ^ holds both for k = {spo^"'^,t) and 
A; = (spo^-i,t). 

Hence, A is defined on S"{s) x {t} and ^ holds for every k G S"{s) x {t}. 
This finishes the proof of Case 1. 

Case 2. Either P is nonempty and Q is empty, or P is empty and Q is 
nonempty . 

Clearly, it suffices to consider the first alternative. We then pick po ^ 
to & T and set xq = \po~^,to] € X. 

We let vr = tt^q be a Choi representation of A associated to xq and set 
U (a, b) = Unia, b) for each x = [a, b] € X. 

Our proof that A : X — t- T may be defined so that ([1]) holds for each 
nontrivial k K is quite similar to our proof of Case 1, but some care is 
required and some repetitions seem unavoidable in our presentation. 

For a S G'^ , t G T , we now set 

n{a, t) = {^i£T\fi U{a, t) ~ U{a-'^,t)} , 
fii(a) = {^iGT\fi U{a, to) ~ C/(a-\ to)* } , 
n2(.t) = {fiGT\fi U{po, t) ~ {fi U{po,t)) * } . 

Note that if (a, t) 7^ {pQ^,to), then Q{a,t) is countable. On the other hand, 
ili(a) is countable when a ^^Pq^, and ^2{t) is always countable. 

Let P = Ujg/ {pi,pf^} be an enumeration of P, where I is a (finite or 
infinite) set of successive integers starting from 0. 

First, we set X{pi'~^,t) = 1 for alH € / and t G T. 

Let z G /, t G T. Using ©and ([3]), we see that P wih hold for 

k = {pi,t) and k = {jpi~^ ,t) if X{pi,t)U{pi,t) U{pr^,t) ; 
k = {pi,e2) and k = (pr\e2) if \{pi,to)U{pi,to) 9^ U{pi~^,to)* ; 

k = {ei,t) if X{po,t)U{po,t) 9^ {\{po,t)U{po,t)y . 

Therefore, for each i £ I ,i ^ 0, and t T,t ^ to, we pick 

A(p„t) GT\17(pi,t), 

x{Pi,to)eT\{n{pi,to)uni{pi)), 
xiPo,t) eT\ {nipo,t)un2{t)) . 

Finally, we pick 

X{po,to) eT\{n{po,to)uni{po)uQ2{to)) ■ 

These choices ensure that A is defined on P x T and ([1]) will hold for all 
k€iPx (ru{e2})) U({ei} xT). 
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This means that if S happens to be empty, A is defined on the whole of X 
and ([1]) holds for every nontrivial k in K, as desired. 

We assume from now on and until the end of Case 2 that S is nonempty. 

Consider s G 5". Using and 1^, we see that wiU hold for 

k = {s,e2) if X{s,to)U{s,to) t {\{s,to)U{s,to))* . 

We will therefore pick X{s,to) in a subset of T \ But which subset 

will depend on whether s belongs to S' or S", where 

S' = {seS\spoe P} and 5" = {s E 5 | spo G S} 

(using the same notation as in Case 1). 

Assume that s £ S' , t Q T . 
As in Case 1, ([T]) will hold for 

k = (s, t) if X{s, t)U{s, t) {X{po,t)U{po,t)) * ^ X{spo,t)U {spo,t) . 

Again, we set 

n'{s,t) = {fieT\fi {X{spo,t)U{spo,t)) ~ U{s,t){X{po,t)U{po,t)y}. 

Ut = to, then we pick X{s,to) G T \ {fli{s) U O'(s,to)) • 
Otherwise, we pick X{s,t) G T \ . 

If S' is nonempty, we can do this for every s £ S' and every t £ T. This 
ensures that A is defined on S" x T and that ([1]) will hold for every 
k G (S" X (T U {62}). Hence, if S" is empty, then S' has to be nonempty 
and the proof of Case 2 is finished. 

Assume now that S" is nonempty. As in Case 1, we then pick a countable 
family {si}i^l of distinct elements in S" such that S" = U/g^ S"{si) , where 
S"{s) = {spo"" I n G Z} for s G S". 

Consider I £ L, t £ T and set s = si. 

If t = to, then we pick A(s,to) G T \ Otherwise, we set X{s,t) = 1. 

Let n G Z. As in Case 1, ([1]) will hold for 

A: = (spo",t) if Xispo'',t)U{spo'',t){Xispo''+\t)Uispo"+\t)y X{po,t)U{po,t) 

or X{spo'',t)Uispo'',t){X{spo''~\t)U{spo''-\t)y ^ X{p^\t)U{po\t) . 

Suppose first that po is aperiodic, so S"{s) = \Jn£z{spo"} ■ 

Then, for each m G N, we proceed inductively and do the following two 
steps: 
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i) Define 

= {fieT \^^{X{po,t)U{po,t)) X{sp^~\t)U{sp^~\t)Uispo'^,tr}. 

If i = to, tlien we pick A(spo'",to) G T \ (17i(spo'") U to)) • 

Otherwise, we pick X{spo"',t) G T \ 0'"(s,t). 

ii) Define 

n-^{s,t) = {/X G T I /X {X{po~\t)Uipo~\t)) A(spo-"^+\t)C/(spo-™+\t) f/(spo-'", t)*} • 

If t = to, tlien we pick A(spo""',to) G T \ (J]i(spo"™) U 0-"*(s,to))- 
Otherwise, we pick A(spo""',i) G T \ 

Assume next that pQ is periodic with period > 3. 

Then for each m = l,---,A — 2, we proceed inductively and do the 
following: we define 

= {fieT \fi{X{po,t)U{po,t)) X{sp^-\t)U{sp^-\t)U{spo'^,tr}. 

If t = to, we pick X{spo"^,to) G T \ (Sli(spo™) U 17™(s,to)). Otherwise, we 
pick X{spo"',t) G T\0"*(s,t). 

We also define 

0^-1(5, t) = {/. G T I (A(po,t)f/(po,t)) ^ Xisp^~'',t)Uisp^-^t)Uispo''~\tr}. 
As in Case 1, <^ will hold for k = (spo^"\t) if 

a(:po, t)u{po, t) t x{po''-\t)u{spo''-\t)u{s, ty . 

So we define 

^N{s,t) = {/. G T I /z {X{po,t)U{jpo,t)) ~ [/(sp^-\t)C/(s,t)*}. 
Now, if t = then we pick 

A(sp^"\to) GT \ ((7(sp^-i)UO^-i(s,to)uOjv(s,to)). 
Otherwise, we pick 

A(sp^-\t) gT \ (rj^-i(s,t)U^^jv(s,t)). 

Under both alternatives {po being aperiodic or not), these processes ensure 
that A is defined on S"{s) x {t} and that ([T]) will hold for every 
keS"{s) X ({t}U{e2}). 

After having done this for every s = si {I £ L) and every t G T, A is defined 
on 5" X T and we know that ([T]) will hold for every A; G 5" x (T U {62}). 

Altogether, this means that A is defined on the whole of G'^ x G2 and ([1]) 
holds for every nontrivial k G K. This finishes the proof of Case 2. 
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Case 3. Both P and Q are empty. 

This means that G'l = S and G2 = T, i.e. all elements in both groups have 
order 2, so Gi and G2 are abelian. Moreover, as one of them is assumed to 
have more than two elements, we may assume that > 4 and \G2\ > 2. 

We pick So £ S, to £ T and set xq = [sq, to] € X. 

Next, we let vr = tTxq be a Choi representation of A associated to xq and 
set U{a, h) = U^{a, b) for each {a,b) eSxT = G[ x G'^. 

Now, since S is countable, it is not difficult to see that we may find a 
family {s;};g/, of distinct elements in S \ {sq} such that 

S = {so} U ( U/gi {si,SoSi}) , 

where L is a (finite or infinite) set of successive integers starting from 1. 

Let i € T. Set A(so, t) = 1 and A(s/, t) = 1 for each / E L, Z > 2. 

Using ([2]) and ([3]), we see that ([I]) will hold for 

k = {ei,t) if X{si,t)U{si,t) ^ {X{si,t)U{si,t)y . 

Hence we set = {/x S T | fj,U{si,t) {pU{si,t))*}, which is 
countable, and pick 

A(si,i) eT\n{t). 

Consider now I e L. Using ([2]), ([SD, dH and ([5]), we see that ([I]) will hold 
for 

k = {so,t) and k = (s/,e2) if X{soSi,t)U{soSi,t) 9^ U{so,t){X{si,t)U{si,t))* ; 
k = (50,62) and k = {si,t) if X{sosi,t)U{soSi,t) X{si,t)U{si,t)U{so,ty ; 

k = {so,t) and k = {soSi,e2) if X{si,t)U{si,t) 9^ U{so,t){X{soSi,t)U{soSi,t))* ; 

/c = {sosi,t) and A; = (sq, 62) if X{si,t)U (s/, t) 9^ A(sosz, t)C/ {sosi,t)U (sq, t)* . 

For each I £ L, we therefore set 

niil,t) = {/X G T I fiUisiSo,t) ~ C/(so,t)(A(s;,t)?7(si,t))*}, 
02(/, t) = {/i G T I ^ U{soSi,t) ~ A(si, t)[/(si, t)C/(so, t)*} , 
^^3(^ t) = {fieT\fi {X{si,t)U{si,t)) ~ [/(so, t)C/(soSi, t)*} , 
n^il, t) = {/i G T I ^ (A(si, t)[/(si, t)) ~ U{siso, t)U{so, t)*} . 

All these sets are countable. Hence, for each I £ L, we can pick 

X{soSi, t) G T \ t) U Q.2{1, t) U J^3(/, t) U04(Z,t)) . 

We have thereby defined A on 5" x {t} in such a way that ([T|) will hold for 
every k G (Gi x {t}) U (5 x {62}) . By doing this for each t G T, A is 
defined on 5 x T = G'^ x G2 ^"^^ © holds for every nontrivial k £ K. This 
finishes the proof of Case 3 (and thereby the proofs of Proposition 1 and 
Theorem 2). 

□ 
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3 Some further aspects 



We believe that if G is a countable group such that C*{G) is primitive, 
then C* (G) is antiliminary and has an uncountable family of pairwise 
inequivalent, irreducible faithful representations. It is not difficult to see 
that this true in the case where G is nontrivial, ice and amenable (see 
below). As pointed out in [1], this also holds when G = Z2 * Z3. The 
argument was based on the following observation, which goes back to the 
work of J. Glimm and J. Dixmier in the sixties. We recall that a 
representation of a C*-algebra is called essential whenever its range 
contains no compact operators other than zero. 

Proposition 2. 

Let A be a primitive separable CT' -algebra and consider the set 

A° = {[tt] ^ A \ TT is faithful}. Then the following conditions are equivalent: 

i) \ A"\>1. 

a) Every faithful irreducible representation of A is essential. 
Hi) A has a faithful irreducible representation which is essential, 
iv) A° is uncountable. 
Moreover, if A satisfies any of these conditions, then A is antiliminary. 

The implications ii) Hi) and iv) =^ i) are trivial. The implication 
i) =^ ii) follows from [H Cor. 4.1.10], while Hi) =^ iv) follows from [H 
Complements 4.7.2]. The final assertion follows from [J| Complements 
9.5.4]. 

For completeness we mention that there is another way to show that a 
unital separable C*-algebra is primitive and antiliminary. Indeed, using 
that primitivity and primeness are equivalent notions for separable 
C*-algebras (see e.g. [I3]), one deduces that a separable unital C*-algebra 
A is primitive and antiliminary if and only if the pure state space of A is 
weak*-dense in the state space of A (cf. [H Lemme 11.2.4 and 
Complements 11.6.6]). H. Yoshizawa showed in jl7j that the right side of 
this equivalence holds when A = C*(F2). 

Now let G = Gi * G2 be as in Theorem 2. It is conceivable that one might 
be able to check that condition i) in Proposition 2 holds for A = G*{G) by 
following the line of proof used in [1] when G = Z2 * Z3. However, in light 
of our proof of Theorem 2, the necessary combinatorics will certainly be 
very messy. We will instead use the following well known lemma to check 
that condition ii) holds for A = C*{G) in many cases. 
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Lemma 1. Let A be a primitive, unital, infinite- dimensional C* -algebra. 
Assume that A contains no nontrivial projections or that A has a faithful 
tracial state. Then A satisfies condition ii) in Proposition 2. 

Proof. For completeness, we give the proof. Let vr be a faithful irreducible 
representation of A acting on a Hilbert space "H and let /C denote the 
compact operators on T-L. Note that T-L is infinite-dimensional since ir^A) is 
infinite-dimensional . 

Assume first that A contains no nontrivial projections. Since vr is faithful, 
-7r(j4) contains no nontrivial projections. Hence 7r{A) f] IC = {0} (otherwise 
we would have IC C t^{A) by irreducibility, and '7t{A) would contain all 
finite-dimensional projections), so tt is essential. 

Assume now that A has a faithful tracial state r. Assume (for 
contradiction) that tt{A) D IC ^ {0}. Then IC C vr(A). As is well known, 
when 7i is infinite-dimensional, the only bounded trace on fC is the zero 
map. Hence the restriction of r to /C must be zero. But /C contains 
nontrivial projections and evaluation of r on any of these does not give 
zero since r is faithful. This gives a contradiction, and it follows that vr is 
essential. 

□ 

Corollary 1. Let G = Gi * G2 satisfy the assumptions of Theorem 2. 
Assume also that Gi and G2 are both torsion-free. Then G*{G) has no 
nontrivial projections. Moreover, it is antiliminary and has an uncountable 
family of of pairwise inequivalent, irreducible faithful representations. 

Proof. The first assertion is mentioned by G.J. Murphy [1U\ p. 703], where 
he refers to [5] and [9] for a proof. It seems to us that this is somewhat 
unprecis^ll- We propose an alternative way to prove this assertion: 
Since Gi and G2 are amenable, G has the Haagerup property ([21 
Proposition 6.2.3]). Hence, as shown by N. Higson and G. Kasparov in [7], 
G satisfies the Baum-Connes conjecture. As G is easily seen to be 
torsion-freee, G also satisfies the Kadison-Kaplansky conjecture (see e.g. 
[16]), i.e. the reduced group C*-algebra G*.{G) contains no nontrivial 
projections. 

^Here is an elaboration of tliis remark. R. Li and S. Pedersen introduce in [5] a 
certain property C for a countable group K which ensures that C*{K) has no nontrivial 
projections. Then they show that the free product of two countable groups with property 
C also has property C. However, we are not aware of any references showing that a 
torsion-free countable amenable group H has property C. In the paper by de la Harpe and 
Dykema [5] that Murphy refers to, the proof that C*{H) ~ C*{H) contains no nontrivial 
projections relies on the fact that countable amenable groups have the Haagerup property. 
As the Baum-Connes conjecture holds for any countable group with this property (as 
shown by Higson and Kasparov), it follows that H also satisfies the Kadison-Kaplansky 
conjecture, i.e. C*{H) contains no nontrivial projections. 
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Moreover, as shown by J.L. Tu in [15], any group having the Haagerup 
property is K-amenable. It follows that the homomorphism A^^ from 
Kq(C* (G)) to Ko{C*{G)) induced by the canonical map 
A : C*(G) — >■ C*{G) is an isomorphism. It is then straightforward to check 
that this implies that C*{G) has no nontrivial projections. 

Now, Theorem 2 says that C*{G) is primitive. The second assertion 
follows therefore from Proposition 2 in combination with the first assertion 
and Lemma 1. 

□ 

To our knowledge, the class of countable discrete groups which are such 
that their full group C*-algebras have a faithful tracial state has not been 
much studied. Clearly, it does contain all countable amenable groups (as 
the full and the reduced group C*-algebras agree for such groups, and the 
canonical tracial state on the reduced algebra is always faithful). Hence, if 
H is nontrivial, ice and amenable, then C*{H) is primitive (cf.|101 ITT]) and 
Lemma 1 may be applied. Our assertion at the beginning of this section 
follows then from Proposition 2. On the other hand, this class also 
contains all free groups with countably many generators. This fact is due 
to Choi Corollary 9] and may be put in a somewhat more general 
framework as follows. 

We first recall that a C*-algebra is called residually finite- dimensional 
(RFD) if it has a separating family of finite-dimensional representations 
(see e.g. [6]). Clearly, any abelian or finite-dimensional C*-algebra is RFD. 
If is a free group on countably many generators, then C*{F) is RFD (cf. 
[31 Theorem 7]). Moreover, the class of RFD C*-algebras is closed under 
free products (see [6l Theorem 3.2]). Finally, any unital RFD C*-algebra 
has a faithful tracial state (see the proof of [H Corollary 9]). Hence we get: 

Corollary 2. Consider G = Gi * G2, where at least one of the Gi 's has 
more than two elements, and assume that Gi (resp. G2) is abelian or 
finite. Then C*{G) is RFD, antiliminary and has an uncountable family of 
of pairwise inequivalent, irreducible faithful representations. 

Proof. It follows from Theorem 2 that C*(G) is primitive. Moreover, 
C*{G) = G*{Gi) * C*{G2) is RFD since C*{Gi) and C*{G2) are RFD. 
Hence C*{G) has a faithful tracial state, and the assertion follows from 
Proposition 2 combined with Lemma 1. 

□ 
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